We introduce bosonic (p − 1)-form fields that couple to the spin connection of the Einstein-Cartan theory of gravity thus becoming a non-trivial source of space-time torsion. We analyze all the general features of both the matter and the gravitational sectors of the theory. Finally we briefly consider the implications of the existence of such fields in different physical settings. * jalfaro@uc.cl † sdriquel@umd.edu 1 There is a very nice review of all these ideas in [4] . See also [5] and [6]. 2 Torsional effects are expected to be significant at the GUT energy scale which is ∼ 10 16 GeV [7] .
Introduction
General Relativity (GR) is a pseudo-Riemannian metric theory of gravity. As such it has been very successful in explaining an impressive amount of astrophysical data. Until now it is the best theory of gravity in the sense of accuracy and economy that we have at our disposal [1] . However, from the theoretical perspective it is an incomplete theory. We are not addressing the well-known fact that GR is a non-renormalizable theory [2] , even if it can be taken as an effective field theory [3] . These are all 'quantum' considerations. Even at the strict classical level there is a theoretical clash. The basic assumption of GR is that geometry of the spacetime manifold is of the Riemannian type with the metric g µν as the fundamental ingredient for its dynamical description. However, when dealing with fermions in curved spacetime it is unavoidable the introduction of a vielbein field e a µ such that g µν = e a µ e b ν η ab where η ab is an 'internal' Minkowski metric. The internal Lorentz symmetry of the vielbein in the a index is a local one so it is a gauge symmetry. As such there is an associated gauge field ω ab µ which accounts for independent degrees of freedom from those of the metric. 1 Therefore in the spirit of generality fermionic matter is pushing us to consider a Riemann-Cartan geometry instead where spacetime torsion is not set to zero a priori. Since symmetry has historically shown itself as an appealing and usually fundamental principle of nature, we cannot feel comfortable with the fact that only fermions are matter sources of spacetime torsion. Of course Nature will always have the final word on these issues but since spacetime torsion has not yet been experimentally measured in our physical world 2 torsional effects remain as an attractive theoretical idea which can in principle be extended to the bosonic matter sector of field theories which attempt to describe physics.
In this paper we explore the idea of having bosonic matter that couples to the spin connection of gravity, thus becoming a source for spacetime torsion. In section II we introduce the action principle that describes this whole family of (p − 1)-forms and their dynamics. Then we explore the conserved currents associated with arbitrary variations of the gravitational fields on this matter sector, i.e., we study the symmetries of the action and the associated conservation laws preserved by the dynamics. Subsequently we consider the geometrodynamical aspects of our theory. Finally in section III we introduce toy models to explore the features that these mathematical objects have in physical theories as in inflation theory and 3-D gravity theory. To conclude we summarize our work and consider ideas for future research.
The Theory

The Action and its Symmetries
Let us consider the following action:
where φ a 1 ...aq is a SO(n)-valued (p − 1)-form and {a 1 , . . . , a q } is a completely antisymmetric set of indices. As an abstract operator, ∇ = d + [ω, ] where d is the exterior derivative operator and ω is the spin gauge connection one-form of gravity [8] . It is evident that 1 ≤ p ≤ n and 0 ≤ q ≤ n in a n-dimensional space. λ is a suitable constant. If we define the 'field strenght' p-form as F a 1 ...aq = ∇φ a 1 ...aq , our action reads
and e a is the vielbein one-form e a = e a µ dx µ such that e a µ e b ν η ab = g µν , where η is the SO(n) inner metric and g is the (possibly curved) space metric. If we consider an Einstein-Cartan gravitational theory we get the following currents from this matter theory [9] :
We can write this expression in a more compact way by means of the contraction operator I 3 [10] . Recalling that I e i e j = δ j i , we get that
What we usually call the energy-momentum tensor is defined as T i k = ⋆(e i ∧ ⋆U k ). 
Spin
The better known spin tensor is defined as S i jk = ⋆(e i ∧ ⋆J jk ).
Let us also recall that having a Riemann-Cartan background geometry we can consider the symmetries of a matter theory to get on-shell conservation laws in the sense that [11] 4
The coefficient of δφ a 1 ...aq is zero using (7) . The symmetries/conservation laws that we care about are:
I Euclidean symmetry
Under δ E e a = δε b a e b and δ E ω ab = −∇δε ab we get
In Einstein-Cartan theory local Euclidean symmetry does not imply a vanishing antisymmetric piece of the energy-momentum tensor T [µν] . Instead it is proportional to the divergence of the spin tensor, ∇ λ S λ µν ∝ T [µν] .
3 Upon acting on a differential p-form α = 1 p! α µ 1 µ 2 ...µp dx µ 1 ∧ · · · ∧ dx µp the contraction operator I ξ with respect to a vector field ξ is defined by
In some references [13] [14] a 1 2 factor enters the definition of the spin current.
II Diffeomorphism symmetry
Under δ diff e a = −£ ξ e a and δ diff ω ab = −£ ξ ω ab , where £ ξ stands for the Lie derivative, we get
In the last expression we cannot isolate immediately the arbitrary vector field ξ χ . However it can be shown that it reduces to
Here ∇ α stands for the total covariant derivative which includes torsion. T α βγ is the torsion tensor and R α βγδ is the Riemann tensor. Of course when torsion and spin tensors are set to zero we recover the usual Riemannian covariant energy-momentum tensor conservation law.
An arbitrary field variation to this family of actions is given by δ φ S[e, ω, φ, p, q] = (−1) n−p λ ∇(⋆∇φ a 1 ...aq )∧ δφ a 1 ...aq + (−1) n−p+1 λ d (⋆∇φ a 1 ...aq ∧ δφ a 1 ...aq ). The first term vanishes by the use of the equations of motion 5 ∇ ⋆ F a 1 ...aq = ∇ ⋆ ∇φ a 1 ...aq = 0.
The second term is the usual boundary term associated to Noether's theorem. It is somehow clear that the conserved current is ⋆J ab defined in (3) . The associated symmetry is that of rotations in Euclidean inner space. As always, the conserved charge is the generator of the symmetry. So we see that in analogy to Maxwell and Yang-Mills theories, when matter couples to the connection it acquires a kind of 'gravitational charge', in this case related to the spacetime torsion that it creates [11] [12] . In other words, space torsion produced by matter coupled to curved geometry can be related to the Noether current associated with inner Euclidean symmetry in tangent space. It can be shown that the Noether current associated to this inner symmetry is given by
where θ ab is an arbitrary set of Euclidean parameters of the transformation. Assuming that the space manifold has a topology R × Σ, there is a conserved charge Q = Σ ⋆J which is the generator of the symmetry in the sense of Poisson brackets, δ symm ( ) = { , Q} PB .
The Geometry
Recalling Cartan's structure equations
we see that the equation defining the torsion 2-form is a first order differential equation for the vielbein so we can always find an algebraic solution
where ω ab is the Riemannian Levi-Civita connection, solution of the homogeneous equation
Here Ψ(x) stands for arbitrary matter fields. It is easy to show that in the case when Ψ = φ the explicit separation of the action (1) is given by
where the quantities with stand for Riemannian ones (i.e., dependent on the torsion-free Levi-Civita spin connection). 6 The geometrodynamical theory we want to consider is Einstein-Cartan theory in 4D determined by the action
where κ = 8πG newton . If we vary this action with respect to the vielbein, δ e S = 0, we find Einstein's equations,
where ⋆U a is the energy-momentum 3-form of the matter fields defined in (4).
If we now vary with respect to the spin connection, δ ω S = 0, we find using Palatini's identity δ ω R ab = ∇δω ab and integrating by parts that
where ⋆J ab is the spin-torsion 3-form of the matter fields also defined through (4). Using (9) in (14) we get that
We will make heavy use of (15) in the upcoming sections recalling a known fact about equivalent Lagrangian theories at the classical level when so-called 'auxiliary fields' are present. 7 6 It is interesting to compare this with the analogue usual case for Dirac fermions with action ⋆ea ∧ (ψγ a ∇ψ − ∇ψγ a ψ) + ⋆J ab ∧ C ab . The ⋆J ∧ C term here is a 'four Fermi'-like interaction. This feature is quite interesting and has been explored in several contexts [15] [16] because if somehow experimentally measured it would immediately rule out torsionless Einstein gravity. Actually as we will discuss soon enough we can always write R = R +R where R is the Riemannian curvature and R = ∇C − C ∧ C. Thus when we consider a theory of matter coupled to a dynamical spacetime the term ⋆J ∧ C coming from the matter sector will always cancel with the term proportional to ∇C coming from the gravitational sector by using the equation of motion for the spin connection ω = ω +C. In the case of fermionic matter, the four-fermi-like term then comes from the gravitational sector through the term proportional to C ∧ C while for our bosonic fields the matter sector will also contribute to interaction terms as can be seen clearly from equation (11) . 7 The classical theorem behind the fact that algebraic equations of motion can be pulled back into the action giving a completely equivalent theory [18] [19] goes like this:
3 Toy models 3.1 n = 4, p = 1, q = 1.
Let us consider a Euclidean valued 0-form, φ a . The action for this object is (λ = 1),
its associated energy-momentum 3-form is
and its associated spin-torsion 3-form is
where we have used the definition F a = ∇φ a = dφ a + ω a b φ b . Let us see what this implies in Einstein-Cartan theory. The equation we must solve is (15). So we have
where we define
Taking the Hodge dual and recalling that for a p-form ω p in Euclidean space ⋆ ⋆ ω p = (−1) p(n−p) ω p (so in particular ⋆ ⋆ e i = −e i ), (19) can be written in the following way:
where (⋆ ⋆ J ab ) i e i ≡ J abi e i , C abi = −C bai and J abi = −J bai . Now we introduce the following notation: Let A ijk...rst be a generic tensor field. From now on we will call it A ijk...rst ≡ A(i, j, k, . . . , r, s, t). In this manner we will shorten the notation for objects like A ijk...rst ϕ i ≡ A(ϕ, j, k, . . . , r, s, t) where ϕ i ≡ ϕ(i) is a generic vector field. Our equation becomes
Let S(qi, Qj) be an action depending on two sets of dynamical variables, qi and Qj. The solutions of the dynamical equations are extrema of the action with respect to both sets of variables. If the dynamical equations δS δq i = 0 have a unique solution, q
i (Qj) for each choice of Qj, then the pull-back S(qi(Qj), Qj) of the action to the set of solutions has the property that its extrema are precisely the extrema of the total action S(qi, Qj).
where we also denote d(a, b) ≡ δ ab . The explicit calculation of the solution (which was found with the aid of FORM [20] [21] ) is:
The total action is then
The first two terms are the usual Riemannian ones. The other two are torsional contributions which depend upon the contorsion one-form and through (23) they generate a highly nontrivial (self)-interaction potential for the φ a field. The appearance of denominators which depend upon κφ 2 is a charasteristic feature of the problem. So for certain configurations of the field φ a the interaction terms can grow enormously within the action or the dynamics, recalling that the equation of motion ∇ ⋆ ∇φ a = 0 contains torsional terms through the covariant derivative.
However, it is almost an impossible task to solve at least analytically the equation of motion for our field and we do not have extra parameters to play with so we will not be able to control the dynamics for our own convenience if for example, we would like to use this toy model as a viable alternative for current inflation theory. The good thing about our toy model is that the potential is univoquely defined, at the classical level, through the algebraic equation of motion for the spin connection and so would be a falsifiable selfcontained proposal instead of an ad-hoc ansatz for the 'inflaton' potential. It can be argued that a proper Wick rotation will give us back a faithful Lorentzian expression. Let us now consider the implications of such a model applied to inflation theory. 
Euclidean(Lorentz)-valued scalar as the inflaton
The algebraic equation of motion for the spin connection can be solved as before leading to first order in κ to
Then pulling back (26) 
and in components S int reads
We observe that in the linear approximation C 2 ∼ O(κ 2 ) so the last term of the above integrand will not contribute. Thus the interaction terms within this approximation come solely from the gravitational sector of the theory. Keeping the linear terms in κ the expression inside the curly brackets of (29) reads
where φ µ ≡ e µ a φ a and we have used the fact that ∇ µ φ a = ∇ µ (e a ν φ ν ) ≡ e a ν D µ φ ν where D µ φ ν = ∂ µ φ ν + Γ ν ρµ φ ρ and Γ α βγ = 1 2 g αδ (g δβ,γ + g δγ,β − g βγ,δ ) are the usual symmetric Christoffel symbols associated with the metric tensor g µν . We see that already at first order in κ we get a rich interacting theory. The detailed analysis of such a theory with a realistic Lorentzian signature will be addressed elsewhere [22] . However even at zeroth order in κ there is a non-trivial theory which we can now address in a Lorentzian space-time. So let us consider the action
where Φ 2 ≡ φ µ φ µ . This is the limit where we neglect terms of order κ in the above theory. We also added a generic potential for the field. Its associated energy-momentum tensor defined through
The equation of motion reads
which can be rewritten as
When g µν = diag(1, −a 2 , −a 2 , −a 2 ) the only non-vanishing Christoffel symbols are Γ i 0i = H and Γ 0 ii = a 2 H (no summation in i) where H =ȧ a andȧ ≡ da dt . Then, (33) reads
where we have used the approximation of homogeneity, ∂ i φ µ = 0 and ∂ i Γ ν ρσ = 0.
From the energy-momentum tensor we can read off the density ρ and the pressure P . These quantities are defined as ρ ≡ T 0 0 and P ≡ 1
Explicitly they are given by
We see through the cosmological equation of state P = wρ that a non-trivial dependence of the form w = w(φ, H) is generated even when V = 0.
Since the equations of motion are decoupled, we can in principle set φ j = 0 keeping only the φ 0 field. Using (34) and (36) in this limit, dropping the 0 superscript and recalling Friedmann's equation H 2 = κ 3 ρ we get that H 2 = κ 3 1 2φ
Ignoring the kinetic term as in usual slow-roll inflation theory [23] [24] and taking V = 1 2 m 2 φ 2 we get that
Now using the usual definition of the slow-roll parameters we can calculate the scalar spectral index n S and the tensor-to-scalar ratio r with the aid of Mathematica [25] . A possible set of outcomes is n S ≃ 1.023 and r ≃ 0.004. 8 Unfortunately these values are not in accordance 8 Defining the number of e-folds N through dN ≡ −Hdt with the sign convention such that N is large in the far past and decreases as we go forward in time and as the scale factor a increases, and recalling the definition of the potential slow-roll parameter ǫ as ǫ(φ) = 1 2κ V ′ V 2 we can calculate ǫ(φe) = 1 so we can use
implies that m 2 ∼ −(3.32 × 10 12 GeV) 2 . The tensor-to-scalar ratio is defined as r ≡ P T P R ≃ 16ǫ(φ60) ≃ −8nT . Finally, recalling the definition
it can be shown that the scalar spectral index is given by nS ≃ 1 − 4ǫ(φ60) + 2η(φ60).
with Planck [26] and BICEP2 [27] [28] collaborations partial results. Further analysis must be done within these class of models to make them physically realistic [22] . Let us finally consider the implications that the existence of these fields would have in a theory of 3D gravity with torsion.
3D gravity with torsion
Let us consider Lorentzian 3D gravity with a local Lorentz frame metric of the form η ij = (+, −, −). The normalization of the totally antisymmetric tensor is such that ǫ 012 = 1. Since in 3D an antisymmetric tensor is dual to a vector, we make the following definitions:
Then, Cartan's structure equations become
As before, we can split the spin connection in such a way that ω i = ω i + C i , where ω i satisfies the homogeneous first structure equation and C i is the contorsion one-form such that T i = ǫ i mn C m ∧ e n . Finally it is easy to show that
where R i is the Riemannian curvature. We will consider a natural generalization of General Relativity with a cosmological constant, the so-called Mielke-Baekler model [29] [30] [31] , namely,
where a = 1 16πG and L CS (ω) = ω i ∧ dω i + 1 3 ǫ ijk ω i ∧ ω j ∧ ω k is the Chern-Simons Lagrangian for the Lorentz connection. The complete action will be S T [e, ω, Ψ] = S G [e, ω] + S M [e, ω, Ψ] where S M stands for the action of arbitrary matter fields Ψ(x). In our case
where as before F a 1 ...aq = ∇φ a 1 ...aq with φ being a (p−1)-form such that 1 ≤ p ≤ 3, 0 ≤ q ≤ 3.
9
The equations of motion are
∇ ⋆ F a 1 ...aq = ∇ ⋆ ∇φ a 1 ...aq = 0, (46) 9 One could also consider 'Chern-Simons'-like terms ∼ φ ∇φ∇φ . . . ∇φ r times which would be only allowed when n = p(r + 1) − 1 with r some positive integer. For n = 3, we would need that p = 1 and r = 3 or p = 2 and r = 1 which means φ should be a 0-form or a 1-form respectively. We could also include terms like ∼ φφφ . . . φ m times when n = m(p − 1) with m some positive integer (in both cases taking care of the different ways one can hook up the Lorentz indices which is a constraint on q) as well as ∼ ⋆φφ which would stand for a 'mass term'. Finally one could consider terms like ∼ ∇φ∇φ when n = 2p. Needless to say the terms without the ⋆ do not need the notion of a spacetime metric and thus are 'topological' in nature.
where Θ i = − δL M δe i , Σ i = − δL M δω i are the current 2-forms due to the presence of the matter field φ a . Following [32] when ∆ ≡ α 3 α 4 − a 2 = 0 the first two equations can be rewritten as
Remembering that the energy-momentum tensor is T i k ≡ ⋆(e i ∧ Θ k ) we can express the energy-momentum 2-form as
where T = T k k . Equivalently since S k i = ⋆(e k ∧ Σ i ), we can write
where S = S k k . Using these results in the equation of motion for T i we find that
Using this fact in the second equation of motion we get that 2R i = qǫ ijk e j ∧ e k − vǫ ijk t j ∧ e k + wǫ ijk s j ∧ e k .
Recalling the splitting between Riemannian and torsional contributions (41) we get that
In this form of the gravitational field equations, the role of φ i as a source of gravity is clearly described by the one-forms t i and s i . The second line of equation (55) was not present in [32] . It is certainly a new feature of our (p − 1)-forms as torsional bosonic sources. Together with the equations of motion for the matter fields (46) and a suitable set of boundary conditions define the complete dynamics of the gravitational and matter fields.
Summary
In this paper we have taken very seriously the fact that Lorentz invariance of physics must be a local (gauge) symmetry as it is the only way to consider fermionic matter living in a curved spacetime background. This observation implies immediately that in principle anything that 'feels' the gravitational (spin) connection acquires a 'charge' in the same manner that in usual gauge theories only charged matter fields couple with the gauge bosons. This charge is the space integral of the time component of a current that is proportional to the spacetime torsion that the presence of these fields generate [11] [12].
Accordingly we have built a family of actions for bosonic (p − 1)-forms that generate spacetime torsion in a very non-trivial way and proved that the previous statement indeed holds in this case as well. We calculated all significant (classical) consequences of having such fields around as conserved quantities, equations of motion and 'effective' actions.
Finally we put these fields into dynamical theories of gravity to get a glimpse of the implications of their new non-trivial gravitationally induced (self)-interactions. The interesting case of realizing the inflaton as the time component of a Lorentz valued 0-form shows already in the 'torsion-less' limit that new venues of exploration are possible within this framework. A more careful analysis of this model is beyond the scope of this paper and will be developed in future work [22] .
